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The notion of fidelity susceptibility, introduced within the context of quantum metric tensor,
has been an important quantity to characterize the criticality near quantum phase transitions. We
demonstrate that for topological phase transitions in Dirac models, provided the momentum space
is treated as the manifold of the quantum metric, the fidelity susceptibility coincides with the
curvature function whose integration gives the topological invariant. Thus the quantum criticality
of the curvature function near a topological phase transition also describes the criticality of the
fidelity susceptibility, and the correlation length extracted from the curvature function also gives a
momentum scale over which the fidelity susceptibility decays. To map out the profile and criticality
of the fidelity susceptibility, we turn to quantum walks that simulate one-dimensional class BDI
and two-dimensional class D Dirac models, and demonstrate their accuracy in capturing the critical
exponents and scaling laws near topological phase transitions.
I. INTRODUCTION
In topologically ordered materials, the change of topo-
logical invariant caused by tuning a certain system pa-
rameter signifies a topological phase transition. In an
attempt to draw analogy with the usual second-order
quantum phase transition, a recently emerged scenario
is to characterize the quantum criticality near the topo-
logical phase transition through investigating the cur-
vature function, defined as the function whose momen-
tum space integration gives the topological invariant[1–
4]. From the generic critical behavior of the curvature
function, the critical exponents and scaling laws can be
extracted, and the Fourier transform of the curvature
function is proposed to be the characteristic correlation
function for topological materials. Because the curva-
ture function is a purely geometric object that is not
limited to a specific dimension or symmetry class[5–7],
this scenario has successfully described the criticality
in a wide range of topological materials including al-
most all prototype noninteracting models[3], weakly[8]
and strongly interacting models[9], as well as periodi-
cally driven[10, 11] and multicritical systems[12, 13]. In
addition, a curvature renormalization group (CRG) ap-
proach has been proposed based on the divergence of the
curvature function[14, 15], which is shown to be particu-
larly powerful in solving otherwise tedious interacting or
mult-parameter systems[4, 8, 9, 16].
On the other hand, another important quantity that
has been proposed to characterize the criticality near
quantum phase transitions in general is the fidelity
susceptibility[17, 18]. Formulated within the framework
of quantum metric tensor, the fidelity susceptibility mea-
∗ email address: shahram.panahiyan@uni-jena.de
† email address: wchen@puc-rio.br
‡ email address: s.fritzsche@gsi.de
sures how a tuning parameter makes a quantum state
deviate from itself, and usually diverges as the system
approaches the critical point. In addition, the scaling
behavior of the fidelity susceptibility near the critical
point has been investigated in a variety of correlated
models[19–22]. Given that this aspect of fidelity suscep-
tibility can be broadly applied to any type of quantum
phase transitions, it is intriguing to ask how the fidelity
susceptibility manifests in topological phase transitions,
whether it displays a particular scaling behavior, and how
it is related to the aforementioned scenario based on the
curvature function.
In this paper, we formulate the fidelity susceptibility
for topological phase transitions within the framework
of Dirac models, which are low energy effective theories
for a wide range of topological materials. We observe
that the fidelity ssuceptibility has a meaningful intepre-
tation if one treats the momentum space as a manifold
to construct the quantum metric. For systems where the
curvature function is the Berry connection or Berry cur-
vature, the determinant of the quantum metric tensor
coincides with the square of the curvature function. As a
result, the fidelity susceptibility shares the same critical
behavior as the curvature function, and so inherits its
critical exponent and scaling laws, and moreover decays
with a characteristic momentum scale resulted from the
correlation length.
We further address the issue of pratically simulating
the criticality of curvature function and fidelity suscepti-
bility. For this purpose, we turn to the quantum walks,
which are proposed to be universal primitives [23] that
can simulate a variety of quantum systems and phenom-
ena [24, 25], including topological materials [26]. The
flexibility and controllability of the quantum walks help
to simulate these topological phases[27], which include all
symmetry classes and edge states in one- (1D) and two-
dimensional (2D) systems [26–31], some others in three-
dimension (3D) [32], as well as to directly probe the topo-
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2logical invariants [33]. The topological phase transitions
[34] and the possibility to invoke bulk-boundary corre-
spondence have also been addressed for quantum walks.
From experimental point of view, the existence of a ro-
bust edge state for the simulated topological phases was
reported [35] and it was shown that experimental real-
izations of the quantum walk can be employed to investi-
gate topological phenomena in both 1D and 2D [36–46].
This list of encouraging results is enriched by our anal-
ysis that, by drawing analogy with perdiodically driven
systems[10, 11], clarifies the stroboscopic curvature func-
tions for two specific cases of quantum walks in 1D and
2D. The extracted critical exponents indicate that these
quantum walks faithfully reproduce the desired critical
behavior, and as simulators belong to the same universal-
ity classes as their topological insulator counterparts. A
correlation function that measures the overlap of strobo-
scopic Wannier states is proposed, and the convenience of
CRG in solving multi-parameter quantum walks is elab-
orated.
The structure of the paper is organized in the following
manner. In Sec. II, we give an overview of the curvature
function scenario, including the generic critical behavior,
critical exponents, and the CRG approach. We then cal-
culate the fidelity susceptibility in 1D and 2D Dirac mod-
els, and show explicitly its coincidence with the Berry
connection and Berry curvature. In Sec. III, we turn to
quantum walks in two specific cases that simulate the
Berry curvature and Berry connection, and extract the
critical exponents and scaling laws that are consistent
with the Dirac models. Section IV gives a summary and
outlook of these results.
II. QUANTUM CRITICALITY NEAR
TOPOLOGICAL PHASE TRANSITIONS
A. Generic critical behavior
The eigenstates of a D dimensional noninteracting
topological material can in general be parameterized by
two distinctive set of parameters; k and M in which k
are momenta in D dimension and M are tunable param-
eters in the Hamiltonian. Different topological phases are
characterized by quantized integers known as topological
invariants, which are generally obtained through integra-
tion of a curvature function over the first Brillouin zone
(BZ)[1, 3, 4]
C(M) =
∫
BZ
F (k,M)
ddk
(2pi)d
, (1)
in which F (k,M) is referred to as the curvature function.
Different topological phases are separated by boundaries
that define topological phase transitions. As M crosses
the critical point M c, the topological invariant jumps
from one integer to another, accompanied by a gap-
closing in the energy spectrum.
The precise definition of the curvature function de-
pends on the dimensionality and symmetries of the sys-
tem under consideration[2, 3]. It is generally an even
function F (kc + δk) = F (kc − δk) around a certain mo-
mentum kc in the BZ, and hence well described by an
Ornstein-Zernike form
F (kc + δk,M) =
F (kc,M)
1± ξ2δk2 , (2)
F (kc + δk,M) =
F (kc,M)
(1± ξ2xδk2x)(1± ξ2yδk2y)
, (3)
in 1D and 2D, respectively, in which ξ, ξx and ξy are
width of the peak and they are characteristic length
scales. The key ingredient of the curvature function as
a tool to investigate topological phase transition is its
varying nature as M changes. In other words, the topo-
logical invariant remains fixed for specific region of M
whereas the profile of the curvature function varies. This
variation enables us to characterize the critical behavior
of the system with curvature function and extract cor-
relation function, critical exponents, length scale, and
validate a scaling law[1–3].
The critical behavior of the curvature function in the
majority of topological materials is described by the nar-
rowing and flipping of the Lorentian peak of the curva-
ture function as the system approaches the two sides of
the critical point M+c and M
−
c
lim
M→M+c
F (kc,M) = − lim
α→M−c
F(kc,M) = ±∞, (4)
lim
M→Mc
ξ =∞, (5)
which are also found to be true for quantum walks, as we
demonstrate in later sections. These divergencies sug-
gest that the critical behavior of F (kc,M) and ξ can be
described by
F (kc,M) ∝ |M −Mc|−γ , ξ ∝ |M −Mc|−ν (6)
in which γ and ν are critical exponents that satisfy a
scaling law γ = Dν originated from the conservation of
the topological invariant [1–3]. The physical meaning of
these exponents become transparent through the notion
of correlation functions, which is introduced by consider-
ing the Wannier states constructed from the Bloch state
of the Hamiltonian
|R〉 = 1
N
∑
k
eik(rˆ−R)|ψk−〉. (7)
in which |ψk−〉 is the lower eigenstate of the Hamilto-
nian. The correlation function is proposed to be the
Fourier transform of the curvature function, which gener-
ally measures the overlap of Wannier states at the origin
|0〉 and at |R〉 sandwiched by a certain position opera-
tor. In 1D case where the curvature function is the Berry
3connection, the Wannier state correlation function reads
F˜1D(R) =
∫ 2pi
0
dkx
2pi
F (kx,M)e
ikxR
=
∫ 2pi
0
dk
2pi
〈ψ−|i∂kx |ψ−〉eikxR
= 〈0|rˆ|R〉 =
∫
dr rW ∗(r)W (r −R), (8)
where 〈r|R〉 = W (r−R) is the Wannier function center-
ing at the home cell R, and rˆ is the position operator.
By replacing the curvature function with (2), one can
show that the Wannier state correlation function decays
with the length scale ξ, and hence ξ can be interpreted
as the correlation length in this problem, assigned with
the critical exponent ν as in the convention of statistical
mechanics. The same can be done for 2D case where the
curvature function is the Berry curvature
F˜2D(R) =
∫
d2k
(2pi)2
F (k,M) =∫
d2k
(2pi)2
{
∂kx〈ψk−|i∂ky |ψk−〉 − ∂ky 〈ψk−|i∂kx |ψk−〉
}
eik·R
= −i〈R|(Rxyˆ −Ryxˆ)|0〉
= −i
∫
d2r(Rxy −Ryx)W ∗(r −R)W (r),
in which 〈r|R〉 = W (r −R) is the Wannier function. In
the following sections, we will elaborate explicitly that
topological quantum walks also fit into this scheme of
curvature-based quantum criticality.
B. Curvature renormalization group approach
In systems whose topology is controlled by multiple
tuning parameters M = (M1,M2...), a curvature renor-
malization group (CRG) has been proposed to efficiently
capture the topological phase transitions in the multi-
dimensional parameter space[14, 15]. The approach is
based on the iterative mapping M →M ′ that satisfies
F (k0 + δk,M) = F (k0,M
′), (9)
where δk = δkkˆs is a small deviation away from the high
symmetry point (HSP) k0 along the scaling direction kˆs.
Expanding the scaling equation up to leading order yields
the generic RG equation
dMi
d`
=
M ′i −Mi
δk2
=
1
2
(∇ · kˆs)2F (k,M)|k=k0
∂MiF (k0,M)
(10)
Numerically, the right-hand side of the above equation
can be evaluated conveniently by
dMi
d`
=
F (k0 + ∆kkˆs,M)− F (k0,M)
F (k0,M + ∆MiMˆ i)− F (k0,M)
, (11)
where ∆k is a small deviation away from the HSP in
momentum space, and ∆Mi is a small interval in the pa-
rameter space along the Mˆ i direction. This numerical
interpretation serves as a great advantage over the in-
tegration of topological invariant in Eq. (1), since for a
given M , one only needs to calculate the curvature func-
tion at three points F (k0 + ∆kkˆs,M), F (k0,M) and
F (k0,M + ∆MiMˆ i) to obtain the RG flow along the
Mˆ i direction, and hence a powerful tool to capture the
topological phase transitions in the vast M parameter
space. The efficiency of this method has been demon-
strated in a great variety of systems, and in the present
work we aim to demonstrate its feasibility for quantum
walks.
C. Fidelity susceptibility near topological phase
transitions
In this section, we elaborate that within the context of
Dirac models, the fidelity susceptibility near a topological
phase transition has the same critical behavior as the
curvature function. For completeness, we first give an
overview of the fidelity susceptibility formulated under
the notion of quantum geometric tensor[17, 18, 22]. Our
aim is to calculate the fidelity of the eigenstates of a given
Hamiltonian under one or multiple tuning parameters
H(µ) = H0 + µHI , H(µ)|ψn(µ)〉 = En|ψn(µ)〉,∑
n
|ψn(µ)〉〈ψn(µ)| = I, (12)
where µ = {µa} with a = 1, 2...Λ is a set of tuning pa-
rameters that form a Λ-dimensional manifold. For two
eigenstates that are very close in the parameter space, the
fidelity is the module of the product of the two eigenstates
|〈ψ(µ)|ψ(µ+ δµ)〉| = 1−
∑
ab
1
2
gabδµaδµb, (13)
which defines the the quantum metric tensor
gab =
1
2
〈∂aψ|∂bψ〉+ 1
2
〈∂bψ|∂aψ〉 − 〈∂aψ|ψ〉〈ψ|∂bψ〉,
(14)
as a measure of the distance between the quantum states
in the {µa} manifold. The quantum metric tensor is the
real part gab = ReTab of the more general quantum geo-
metric tensor
Tab = 〈∂aψ|∂bψ〉 − 〈∂aψ|ψ〉〈ψ|∂bψ〉. (15)
whose imaginary part is the Berry curvature times −1/2
ImTab = −1
2
[∂a〈ψ−|i∂b|ψ−〉 − ∂b〈ψ−|i∂a|ψ−〉] . (16)
It can be easily shown that the quantum geometric ten-
sor is invariant under local gauge transformation |ψ−〉 →
eiϕ|ψ−〉, and so are gab and the Berry curvature. Hence
these quantities are measurables, as have been demon-
strated in various systems[47–50].
41. 1D topological insulators
We now consider the quantum metric tensor of the
eigenstates of a 2 × 2 Dirac Hamiltonian that has only
two components
H = d1σ1 + d2σ2, (17)
which are relevent to several classes of 1D topological
insulators[3, 5–7]. The eigenstates and eigenenergies are,
in a specific gauge choice,
|ψ±〉 = 1√
2d
( ±d
d1 + id2
)
, E± = ±d, (18)
where d =
√
d21 + d
2
2. Suppose each component of the
d-vector is a function of a certain tuning parameter k
(what precisely is k is unimportant at this stage), then
the quantum metric tensor in Eq. (14) reads
gkk = 〈∂kψ−|∂kψ−〉 − 〈∂kψ−|ψ−〉〈ψ−|∂kψ−〉
=
[
d1∂kd2 − d2∂kd1
2d2
]2
= [〈ψ−|i∂k|ψ−〉]2
=
1
4
(dˆ× ∂kdˆ)2z =
1
4
∂kdˆ · ∂kdˆ, (19)
which is equal to the square of the Berry connection
〈ψ−|i∂k|ψ−〉 in this gauge (it should be remined that
gkk is gauge invariant but the Berry connection is not),
and eˆk = ∂kdˆ/2 plays the role of vielbein. Moreover,
in this case that there is only one tuning parameter k,
the quantum metric tensor is also equal to the fidelity
susceptibility defined from[17, 18]
〈ψ−(k)|ψ−(k + δk)〉 = 1− δk
2
2
χF = 1− δk
2
2
gkk.(20)
We proceed to consider the physically meaningful
Dirac model relevant to the low energy theory near the
HSP k = 0 of topological insulators
d1 = M, d2 = k, (21)
where M is the mass and k is the momentum. Our
observation is that the quantum metric has a meaning-
ful interpretation if we treat the momentum space as a
manifold and construct the metric between |ψ−(k)〉 and
|ψ−(k + δk)〉. Using Eqs. (19) and (20), this gives
〈ψ−|i∂k|ψ−〉 = − M
2(M2 + k2)
,
χF =
M2
4(M2 + k2)2
. (22)
At the HSP k = 0, these quantities diverge with the mass
term M like
〈ψ−|i∂k|ψ−〉|k=0 ∝ |M |−1 = |M |−γ ,
χF |k=0 ∝ |M |−2 = |M |−2γ . (23)
Thus the divergence of the Berry connection and that
of the fidelity susceptibility near the topological phase
transition M → 0 are basically described by the same
critical exponent γ. This justifies the usage of exponent γ
for the Berry connection at k = 0 which is conventionally
assigned to the susceptibility. Notice that in topological
phase transitions, we treat M as the tuning parameter,
but to extract the quantum metric we treat k as the
tuning parameter.
Equation (19) has another significant implication on
the differential geometry of the manifold. Because the
determinant of the quantum metric is the quantum met-
ric itself det gkk = gkk ≡ g, it implies that the integration
I =
∫
φ(k)
√
gdk of any function φ(k) over the manifold is
associated with the line element
√
gdk = |〈ψ−|i∂k|ψ−〉|dk
given by the absolute value of the Berry connection.
Therefore the total length of the 1D manifold is
L =
∫ √
gdk =
∫
|〈ψ−|i∂k|ψ−〉|dk. (24)
In the topologically nontrivial phase of a varieties of 1D
topological insulators, such as the Su-Schrieffer-Heeger
model[1, 2], the Berry connection is often positive ev-
erywhere on the manifold 〈ψ−|i∂k|ψ−〉 = |〈ψ−|i∂k|ψ−〉|
(this also occurs in our 1D quantum walk at some pa-
rameters, as discussed in Sec. III). In this case, the total
length of the manifold is equal to the topological invari-
ant L = C, and hence remains a integer. In contrast,
for the topologically trivial phase where the Berry con-
nection is positive in some regions and negative in some
other, this equivalence is not guaranteed and the length
L should be calculated by Eq. (24).
2. 2D time-reversal breaking topological insulators
We now turn to the 2D Dirac Hamiltonian that has all
three components
H = d1σ1 + d2σ2 + d3σ3, (25)
which has eigenstates and eigenenergies
|ψ±〉 = 1√
2d(d± d3)
(
d3 ± d
d1 + id2
)
, E± = ±d, (26)
where d =
√
d21 + d
2
2 + d
2
3. Since the two eigenstates form
a complete set I = |ψ+〉〈ψ+|+ |ψ−〉〈ψ−|, we can compute
the quantum geometric tensor Tab in Eq. (15) by assum-
ing each component of the d-vector is a function of {µa},
Tab = 〈∂aψ−|ψ+〉〈ψ+|∂bψ−〉
=
1
4d2(d21 + d
2
2)
(−d3∂ad+ d∂ad3 − id1∂ad2 + id2∂ad1)
× (−d3∂bd+ d∂bd3 + id1∂bd2 − id2∂bd1) , (27)
5whose real and imaginary parts are
ReTab = gab =
1
4
∂adˆ · ∂bdˆ
=
1
4d2
{∂ad1∂bd1 + ∂ad2∂bd2 + ∂ad3∂bd3 − ∂ad∂bd} ,
ImTab = −1
2
Ωab = −1
4
dˆ ·
(
∂adˆ× ∂bdˆ
)
= − 1
4d3
ijkdi∂adj∂bdk. (28)
One sees that eˆa = ∂adˆ/2 plays the role of vielbein ac-
cording the the definition gab = eˆa · eˆb, and Ωab is the
Berry curvature whose integration over the 2D manifold
gives the skyrmion number of the dˆ vector. Moreover,
the determinant of the quantum metric tensor coincides
with the square of the Berry curvature
g = det gab =
1
4
Ω2xy ≡ χF , (29)
a result very similar to Eq. (19), which suggests the de-
terminant g ≡ χF as the representative fidelity suscepti-
bility in this 2D problem.
Similar to that discussed before and after Eq. (24),
the determinant g gives the area element
√
gd2k of the
integration of any function over the 2D manifold. Thus
the total area of the manifold reads
A =
∫ √
g d2k =
1
2
∫
|Ωxy|d2k. (30)
Thus for the cases that the Berry curvature is positive ev-
erywhere on the manifold Ωxy = |Ωxy|, which occurs in
the topologically nontrivial phases in some systems (in-
cluding our 2D quantum walk in Sec. III), the total area
of the manifold coincides with the topological invariant
A = C/2 and remains a quantized constant.
We observe that for Dirac models relevant to 2D time-
reversal breaking topological insulators[3, 5–7]
d1 = kx, d2 = ky, d3 = M, (31)
the quantum metric tensor has a meaningful interpre-
tation if we treat the 2D Brillouin zone in momentum
space k = (kx, ky) as a manifold. Using Eq. (28), the
quantum metric tensor and the Berry curvature in this
Dirac model are given by
gab =
(
gxx gxy
gyx gyy
)
=
1
4 (M2 + k2)
2
(
k2y +M
2 −kxky
−kxky k2x +M2
)
,
Ωxy = −Ωyx = M
2 (M2 + k2)
3/2
. (32)
Moreover, the determinant of the quantum metric tensor
coincides with the square of the Berry curvature
det gab =
1
4
Ω2xy =
M2
16(M2 + k2)3
≡ χF , (33)
a result very similar to Eq. (19). To further draw rele-
vance to topological phase transitions driven by the mass
term M , we see that at the HSP k = (0, 0), the critical
exponents of these quantities are
Ωxy|k=0 ∝ |M |−2 = |M |−γ ,
det gab|k=0 ∝ |M |−4 = |M |−2γ . (34)
Thus the critical exponent of the Berry curvature is
basically the same as that of the determinant of the
quantum metric tensor. This suggests the determinant
det gab ≡ χF as the representative fidelity susceptibility,
and justifies the usage of exponent γ for the divergence
of the Berry curvature.
In the language of the curvature function in Sec. II A,
our analysis implies that the fidelity is equal to the square
of the curvature function (up to a prefactor) for the 1D
Dirac model in Sec. II C 1 and the 2D Dirac model in this
section
χF ∝ F (k,M)2. (35)
Thus χF also takes the Lorentzian shape in Eqs. (2) and
(3), as confirmed by expanding Eqs. (23) and (33). As a
result, the inverse of the correlation length ξ−1 is a mo-
mentum scale over which the fidelity susceptibility decays
from the HSP.
III. QUANTUM WALKS
We now demonstrate that quantum walks serve as
practical simulators for the critical exponents, scaling
laws, Wannier state correlation functions, CRG, and fi-
delity ssuceptibility discussed in Sec. II. The quantum
walk is the result of a protocol that has been successively
applied on an initial state of a walker. The protocol of the
quantum walk consists of two types of operators; coin op-
erators that manipulate the internal states of the walker
and shift operators that change the external degree free-
dom of the walker based on its internal state. Due to
successive nature of the quantum walk, the protocol of
the quantum walk can be understood as a stroboscopic
periodic Floquet evolution. This means that we can map
the the protocol of the quantum walk to a (dimensionless)
effective Floquet Hamiltonian [26]
Ĥ = i ln Û = En · σ, (36)
in which E is the (quasi)energy dispersion, σ are Pauli
matrices and n defines the quantization axis for the
spinor eigenstates at each momentum. It is straight-
forward to obtain energy through eigenvalues of Û by
E = i ln η, in which η is the eigenvalue of Û . In this
paper, we focus on two types of the quantum walk: a)
1D quantum walk with particle-hole (PHS), time reversal
(TRS) and chiral (CHS) symmetries in which the symme-
tries square to +1. This type of quantum walk simulates
BDI family of the topological phases in one dimension.
b) 2D quantum walk with only PHS which simulates D
6family of topological phases. For both of the protocols,
the topological invariants are integer-valued (Z).
The quantum walks have one or two external degrees
of freedom (position space) with two internal degrees
of freedom. Therefore, the coin Hilbert space (HC) is
spanned by {|0〉 , |1〉}, respectively. For 1D and 2D quan-
tum walks, the position Hilbert spaces are spanned by
{|x〉P : x ∈ Z} and {|x, y〉P : x, y ∈ Z}, respectively.
The total Hilbert space of the walk is given by tensor
product of subspaces of coin and position spaces. In ad-
dition, there are generally three ways that energy bands
can close their gap [31]. If the energy bands close their
gap linearly, we have a Dirac cone type of boundary state.
For the nonlinear case, we have Fermi arc type boundary
states. Finally, if the energy bands close their gap for
arbitrary momentum, the boundary states are known as
flat bands. To summarize, the Dirac cones show linear
dispersion while the Fermi arcs have nonlinear dispersive
behaviors and the flat bands are dispersionless.
A. One-dimensional class BDI quantum walks
For the 1D class BDI quantum walks, we consider the
following protocol [26, 31]
Û = Ŝ↑(x)Ĉy(α)Ŝ↓(x)Ĉy(β), (37)
in which, one step of quantum walk comprises rotation of
internal states with Ĉβ , displacement of its position with
Ŝ↓(x), a second rotation of internal states with Ĉy(α)
and final displacement with Ŝ↑(x). The coin operators
are rotation matrices around y axis, Ĉy(β) = e
− iβ2 σy
and Ĉα = e
− iα2 σy with α and β being rotation angles.
The shift operators are in diagonalized forms of Ŝ↑(x) =
e
ik
2 (σz−1) and Ŝ↓(x) = e
ik
2 (σz+1) in which we have used
Discrete Fourier Transformation (|k〉 = ∑x e− ikx2 |x〉). It
is a matter of calculation to find the energy bands and n
as
E = ± cos−1(κακβ cos(k)− λαλβ), (38)
n = ζ/|ζ|, (39)
in which cos( j2 ) = κj and sin(
j
2 ) = λj where j
could be α and β, and ζ = (καλβ sin(k), λακβ +
καλβ sin(k),−κακβ sin(k)).
The curvature function for the 1D quantum walk can
be obtained by [37]
F (k, α, β) =
(
n× ∂kn
)
·A =
− cos(k)λ2ακβ − 2κ2αλβ
2 sin2(k)κ2α + 2 (cos(k)καλβ + λακβ)
2 . (40)
in which A = (κβ , 0, λβ) and perpendicular to n. We
consider α as the tuning parameter that closes the band
gap, and denote its critical point by αc. Using the cur-
vature function in Eq. (40), one can show the following
relations
lim
α→α−c
F (k = 0, α) =∞ = − lim
α→α+c
F (k = 0, α), (41)
lim
α→α−c
F (k = pi, α) = −∞ = − lim
α→α+c
F (k = pi, α), (42)
which confirms the divergence and sign change of the cur-
vature function at the critical point described by Eq. (5).
To extract the critical exponents and formulate the cur-
vature function, we first gauge away the z component of
the ζ by rotating it around the y axis
R ζ =
 κα sin(k)ζy
0
 =
 ζ ′xζ ′y
0
 ≡ ζ′,
RA =
 00
1
 ≡ A′. (43)
The new ζ′ leads to a rotated Hamiltonian and the cor-
responding eigenstates
|ψ′k±〉 =
1√
2|ζ′|
( ±|ζ′|
ζ ′x ± iζ ′y
)
, (44)
in terms of which the curvature function coincides with
the stroboscopic Berry connection
F ′(k, α, β) =
ζ ′x∂kζ
′
y − ζ ′y∂kζ ′x
(ζ ′2x + ζ ′2y )
= 2〈ψ′k−|i∂k|ψ′k−〉
=
−κ2αλβ − λακακβ cos(k)
κ2α sin
2(k) + λ2ακ
2
β + 2κακβλαλβ cos(k) + κ
2
αλ
2
β cos
2(k)
.
(45)
Notice that because of the controlability of momentum k
in the protocol of Eq. (37), the quantum walk can obtain
the entire momentum profile of the Berry connection,
and hence the quantum metric in Eq. (19) for the entire
momentum space manifold.
The gap-closing points kc are located at 0 and pi. Upon
a series expansion around these points, we find that the
Lorentzian shape in Eq. (2) satisfy
F ′(k = {0, pi} , α) = − κα
λα±β
∝ 1
λα±β
,
ξ2(k = {0, pi} , α) = 1
2
κ2β + κ
2
ακ
2
β − κακβλαλβ
λ2α±β
∝ 1
λ2α±β
.
(46)
In terms of the critical rotation angle αc, we find
F (k = kc, α) ∝ ξ(k = kc, α) ∝ |α− αc|−1. (47)
which indicate that critical exponents are γ = ν = 1.
This satisfies[1–3] the 1D scaling law γ = ν and the pre-
diction for 1D class BDI that ν ∈ 2Z+ 1. Finally, using
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FIG. 2: Correlation function, F˜1D(R,α), as a function of R for two cases of β = 0 (left two panels) and β = α− pi
(right two panels). In left two panels, we observe that correlation function decays via a damped oscillation. This
oscillation rooted in the fact that curvature function has three peaks at k = 0 and pi. In contrast, right two panels,
the correlation function decays without any oscillation and monotonically. The correlation function, similar to
curvature function, also has characteristic behaviors of sign flip that was observed for the curvature function around
the critical point.
the obtained curvature function, we find that its Fourier
transform takes the form
F˜1D(R,α) ≈ 1
2
∫ 2pi
0
dk
2pi
F ′(kc, α, β)
1 + ξ2k2
eikR ∝ e−R/ξ, (48)
which decays as a function of R with the length scale
ξ. Combining with the fact that the curvature func-
tion is the stroboscopic Berry connection of the rotated
eigenstates, as proved in Eq. (45), the Fourier transform
in Eq. (48) then represents the correlation function be-
tween the rotated stroboscopic Wannier states as stated
in Eq. (8), with ξ playing the role of the correlation
length. Interestingly, if the gap simultaneously closes
at k = 0 and pi, then the correlation function decays
through a damped oscillation (see Fig. 2). On the other
hand, if the gap only closes at one momentum, then the
correlation function decays monotonically. Finally, the
quantum metric associated to the our quantum walk (19)
and fidelity susceptibility (20) in one dimension read as
gkk = χF =
F ′2(k, α, β)
4
, (49)
which has indication of the divergency provided that α =
αc and k = kc.
The result of the CRG approach applied to the 1D
quantum walk is shown in Fig. 3, where we treat M =
{α, β} as transition-driving parameters. The RG flow is
obtained from Eq. (11) by using the two HSPs k0 = 0 and
8pi. The phase boundaries identified from the lines where
the RG flow flows away from and the flow rate |dM/d`|
diverges correctly capture the topological phase transi-
tions in this problem, as also confirmed by observing the
gap closing in these lines.
B. Two-dimensional class D quantum walks
For the 2D class D quantum walk, the protocol of the
quantum walk is [26, 32]
Û = Ŝ↑↓(y)Ĉy(β)Ŝ↑↓(x)Ĉy(α)Ŝ↑↓(x, y)Ĉy(β), (50)
Using the Discrete Fourier Transformation, we find the
shift operators are Ŝ↑↓(x, y) = ei(kx+ky)σz , Ŝ↑↓(x) =
eikxσz and Ŝ↑↓(y) = eikyσz . We obtain the energy bands
E = ± cos−1(ρ), (51)
in which
ρ =κακ2β cos(kx) cos(kx + 2ky)
−κα sin(kx) sin(kx + 2ky)− λαλ2β cos2(kx). (52)
and ζ is obtained as
ζx = −2λβ sin (kx) (λαλβ cos (kx)− κακβ cos (kx + 2ky)) ,
ζy = λακ
2
β − λαλ2β cos (2kx)
+2κακβλβ cos (kx) cos (kx + 2ky) ,
ζz = λακβλβ sin (2kx)
− κα
(
κ2β sin (2 (kx + ky)) + λ
2
β sin (2ky)
)
. (53)
To investigate the critical behavior of the 2D quantum
walk, we start from the curvature function
F (kx, ky, α, β) =
(
∂n
∂kx
× ∂n
∂ky
)
· n = φ
(ζ2x + ζ
2
y + ζ
2
z )
3
2
,
(54)
whose intergral counts the skyrmion number of the n
vector in the BZ, in which
φ =2καλβ
(
κ2β + λ
2
β
) [
4κ2ακ
2
βλβ cos (kx) cos (kx + 2ky) +
καλακβ
(
2κ2β cos (2ky) cos (2kx + 2ky))−
λ2β (2 cos (2kx) + cos (4ky) + 3)
)
+2λ2αλβ cos (2ky)
(
λ2β − κ2β cos (2kx)
) ]
.
The controlability of momentum k in the protocol of
Eq. (50) enables us to obtain the entire momentum profile
of the Berry curvature, and hence the fidelity susceptibil-
ity in Eq. (29) for the entire momentum space manifold.
Now, we consider the rotation angle α as the tuning pa-
rameter. In contrast to the 1D case, the energy bands can
close their gap at different values of kx, ky not limited to
0 and pi. Nevertheless, irrespective of the precise loca-
tion of kc, the divergence and flipping of the curvature
function always hold
lim
α→α−c
F (kx = kc, ky = kc, α)
= − lim
α→α+c
F (kx = kc, ky = kc, α) = ±∞, (55)
indicating that the curvature function can be invoked to
study the critical behavior of the system. The plotted
diagrams for curvature function show the emergence of a
single peak as α→ αc (see Fig. 4). This shows that band
crossing is one (n = 1) and peak-divergence scenario is
applicable for this protocol as well. In what follows, for
the sake of brevity and simplicity, we consider ky = −kx.
In such a case, one can find the energy gap closes at
kx = kc = pi/2. It is straightforward to find the curvature
function and the length scale at the critical points as
F (kx = −ky = pi
2
, α) =
2Sig(κα)
(
λ2(α−β) − λ2α − λ2β
)
1− κ2α ,
ξ2x(kx = −ky =
pi
2
, α) ≈ Ξ
(1− κ2α) 12
, (56)
in which
Ξ =2
√
2κα(2λ
2
β(5 + 2κ2α + κ2β)
−λ2β cot
(α
2
)
(3κ2β + κ2α − 4)).
By setting β = pi/2, critical point occurs at αc = 0, in
which case we extract the critical exponents γ = 2 and
ν = 1, and the scaling law is valid through γ = Dν with
D = 2 which is in agreement with the results in Ref.
[3, 4].
To see the correlation function, we start from the stro-
boscopic eigenstates of the Hamiltonian
|ψk±〉 = 1√
2n(n± nz)
(
nz ± n
nx + iny
)
. (57)
from which we see that the stroboscopic Berry Curvature
of the filled band eigenstates coincides with the curvature
function in Eq. (54)
∂kx〈ψk−|∂ky |ψk−〉 − ∂ky 〈ψk−|∂kx |ψk−〉 =
1
2
F (k, α, β),
Thus the Fourier transform of the curvature function
gives a correlation function that measures the overlap
of the stroboscopic Wannier states according to Eq. (9).
Moreover, using the Lorentzian shape in Eq. (3), the
Fourier transform
F˜2D(R, α) ≈ 1
2
∫
d2k
(2pi)2
F (kc, α)
1 + ξ2δk2
, (58)
gives a correlation function that decays with R with the
correlation length ξ. In case of ky = −kx (Ry = −Rx),
we observe that decay of the correlation function would
be through a damped oscillation which is due to presence
of at least two peaks in curvature function (see Fig. 5).
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Now, we are in a position to find the fidelity susceptibil-
ity which can be done by first building up the quantum
metric associated to the our quantum walk (28) and then
calculating its determinant which leads to
χF = det gkxky =
F 2(kx, ky, α, β)
4
, (59)
which has divergency at gapless points of energy bands
and can be used to characterize the critical points.
We now discuss the application of the CRG approach
to the 2D quantum walk, treating M = {α, β} as a 2D
parameter space. The resulting RG flow is shown in Fig.
6, where we use the four HSPs k0 = (0, 0), (pi/2, pi/2),
(pi/2, 0) and (0, pi/2) and fix the scaling direction to be
kˆs = kˆx. The lines in the parameter space where the flow
rate |dM/d`| diverges and the RG flow flows away from
are the topological phase transitions caused by flipping
the curvature function at the corresponding k0. Collect-
ing the transition lines in all the four k0 cases correctly
captures the phase diagrams for 2D quantum walk.
10
0 20 40 60 80 100
-150
-100
-50
0
50
100
150
R
F˜
(R
,α
)
α=-π /30
0 20 40 60 80 100
R
α=π /30
FIG. 5: Correlation function, F˜2D(R, α), as a function of R for β = pi/2 with ky = −kx (Ry = −Rx). The
correlation function decays through a damped oscillation since the curvature function acquires two peaks. Evidently,
the correlation function, similar to cuvrature function, flips sign as system passes the critical point.
FIG. 6: CRG approach applied to the 2D quantum walk, where the left four panels show the RG flow in the
M = (α, β) parameter space when the scaling procedure is applied to each of the four HSPs k0 = (0, 0), (pi/2, pi/2),
(pi/2, 0), and (0, pi/2) with the scaling direction fixed at kˆs = kˆx. The color code indicates the logarithmic of the
flow rate log |dM/d`|, and the green lines are where the flow rate diverges, indicating a topological phase transition
caused by flipping of the curvature function at the corresponding k0. The right panel shows the phase boundaries by
combining these results.
IV. CONCLUSION
In summary, we clarified the notion of quantum metric
tensor near topological phase transitions within the con-
text of 1D and 2D Dirac models. The quantum metric
tensor defined in the manifold of momentum space turns
out to represent a kind of geometric texture of the dˆ-
vector that parametrizes the Dirac Hamiltonian, in a way
similar to the winding texture of Berry curvature and the
skyrmion texture of Berry curvature. The determinant
of the quantum metric tensor coincides with the square
of the Berry connection in 1D and Berry curvature in
2D, from which we define the representative fidelity sus-
ceptibility. As a result, the fidelity susceptibility shares
the same Lorentzian shape and critical exponent as these
curvature functions, and moreover the correlation length
yields a momentum scale over which the fidelity suscep-
tibility decays.
We then turned to the simuation of these quantities
by means of quantum walks for 1D class BDI and 2D
class D Dirac models. It is shown that not only can
the quantum walks map out the entire momentum pro-
file of the curvature function, and hence the quantum
metric tensor in the entire manifold, but also capture
the critical exponents and scaling laws. Due to geome-
try of the gap-closing in 1D quantum walk, the strobo-
scopic Wannier state correlation function either displays
a damped oscillation which happens for Dirac cone gap-
closings, or monotonically decays for the Fermi arc case.
For 2D quantum walk, since the curvature function ad-
mitted presence of two peaks corresponding to two crit-
ical points, the correlation function decayed through a
damped oscillation. These results confirm the quantum
walks as universal simulators of topological phase transi-
tions, and introduces the notion of universality class into
these simulators that can eventually be compared with
real topological materials.
While the present work focuses on only two protocols
of quantum walks, the same analysis of criticality can be
done for protocols that simulate other symmetry classes
and dimensions. In addition, the decay of the correlation
function for robust edge states observed in inhomoge-
nous quantum walk is another subject of the interest [26].
From the perspective of Foquet engineering, it remains to
be explored how to properly design the protocol such that
the quantum walk can simulate more exotic topological
phases, such as nodal loops[11]. On the fidelity suscep-
tibility side, it remains to be analized how other kinds
of curvature functions, such as that associated with the
11
Z2 invariant and the 3D winding number[2, 3, 15], are
related to the quantum metric tensor. We leave these
intriguing issues for the future investigations.
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